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Ch. ¢

We may now construct a table of the characters of the classes of C

contained in each of the representations D; of R, using Eq. 6-] 5. }fv
resulting character table is shown in Table 6-9. The representationg De
of R3 may then be decomposed into the irreducible representations of a i
for integral values of J using Eq. 6-14 together with the characters fro 3
Table 6-8 to give the results of Table 6-10. ,

TABLE 6-10 Reduction of Rz — Cj, for integral J

Number
J Rz — Cg, of Levels
0 i 1
1 Iy + 2@ 2
2 i, + 225 3
3 i, + 2w, + 22[5 5
4 21T + Ty + 321 6
5 1IN + 2, + 426 i
6 3 + 2T, + 4210 9
74 21 + 3, + 52[% 10
8 3 + 21T, + 621 11

For half-integer J the characters of the classes of the double group Cj,
contained in each of the representations D; of R are found again using
Eq. 6-15. The characters associated with the classes o, and &, are all
zero, and those associated with the classes £ and C, have the same
magnitude, but have opposite sign to that of the classes E and Cj, respec-
tively. Itis left to the reader to verify that for integer J the representations
D; of R; decompose into the irreducible representations of the double
group C3, as shown in Table 6-11. In the absence of magnetic fields or

TABLE 6-11 Reduction of Rz — C3, for half-integral J

Number

J Rz — C3, of Levels
1 2r, 1
3 (ls + ) + 2T, 2
3 (s + ) + 22T, 3
7 Cls+ ) + 320 4
2 205 + ) + 32T, 5
Lt 2T + I6) + 42T, 6
12 2015 + ) + 52T, q
L 35 + ) + 520, 8

exchange interactions, the levels that transform according to the irreducibl®
representations I's and Iy will, according to Kramers’ degeneracy
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orem, always appear as degenerate pairs. Tables for the reductions
e irreducible representations D; of R to the irreducible representations
e thirty-two crystallographic point groups have been given by Koster
1 272

Runciman®"® has considered the general problem of calculating the
mber of levels a state of a given J will be split into for each of the
fty-two crystallographic point groups and has shown that the point

, ps may be classified under four headings as follows:
4

{. Cubic: Oy, O, T,, T, T.

9. Hexagonal: Dgy, D, Coy, Con, Co, Dapy Can, Dsg, D3, Cgy, Se, Ca.
3, Tetragonal: Dy, D4, Cuyy, Capy Cay Doy, Sy

Lower symmetry: Dy, Dy, Cgy, Cop, Co, Cs, Sa, Ci.

i/
I

en for integral J all the point groups within one of these classes will
e rise to the same number of levels as shown in Table 6-12. For

\BLE 6-12 Splittings for integral J

E J 0 1 2 3 4 5 6 7 8
bic 1 1 2 3 4 4 6 6 7
xagonal 1 2 3 5 6 1 9 10 11
tragonal 1 2 4 5 7 8 10 11 13
wer

Symmetry P B 8 7 9§ #1133 15 ‘17

f-integral values of J all the groups other than cubic give rise to J + %
els as given in Table 6-13. Thus, knowing the symmetry class at the

| J 1 3 3 3 3 oo on o
. Cubic i1 1 2 3 @Y 4 5 3
- All other

symmetries 1 2 3 4 5 6 7 8

¢ of the rare earth ion in a crystal, we can predict readily the number of
Is a state of given J will split into. Alternatively, rare earth ions may
used to probe the symmetry of sites in crystals. An interesting example
use of a rare earth ion as a symmetry probe has been given by Oshima
al.,2"” who used the fluorescence of Sm®* to study the phase transition
barium titanate at —80°C.

L Descending Symmetries
Is sometimes useful to regard a crystal field as being made up of com-
ents of decreasing symmetry.27-27°  For example, we might consider
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